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Strong duality theorem™®
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=
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Separation theorem*

LA 5. Separation theorem

ES: —NMESS, WmRX VX, y € S, Va € [0,1])# Fax +
(1—a)y €S, MHLSHMEE (convex set)

TE X WIRSH ) A B R A B ER A ARES S, MIFREE S S
NI (closed set)

BE— NI ES C R, FIESIMISY € S,
Jw € R™* 5w, v) > (w,x) WEEx € SELIL



Separation theorem*

BE—NHRNES C RY, MESIHIKISEv ¢S,
Jw € R* {5 (w,v) > (w,x) WEEx € SRIL
UEAA(sketch): R EME—Mx, € 5, 15 5vimEtin

1. FEMS: HTSEME, hWeierstrassi® ¥, & HHZEITvEd s el IESH ERE
2. ME—1f4: BiAEWA A, FEeEMmT S, AeS5vamniEan
3, x NEEINAEIANHY eSS, (x—x,v—x,)<0
ZEy=0-tx,+txes, N
ly = vll% = llx, — v — t(x. — x)lI3
= |lv — x.l15 — 2t{x — x,, v — x.) + t2|lx — x.]I5

x NEEINRe —2t(x —x,v—x,) + t?|lx —x,]|5=0, Vx,t >0
t
(:)Ellx—x*llg >(x —x,v—2x,), Vx,t >0
S0>(x—x,v—x,), Vx

Tw=v-x, Hllv—xl5>07%(v,v —x) > (x,,v—x), HE{v,w) > (x,w)
B—AmE, FiHCLIEHAVYeES (x—x,v—x,)<0
XERE(x, v —x,) < {(x,v—x), Bx,w) <{(x,w), HFit{v,w) > (x,w)>{(x,w),Vx €S



Farkas Lemma*

Ax = b,x > OEBEYENIGEEyEHFYy'A>08By"h <0

IEEB: (<-PMRECEEDy f S, T30y Ar20.557h <0
ot

(=>)B S S = {Ax:x > 0}. SEMINEE. LEEWED ¢ S.
EIEISeparatlon theorem, fFfEw € R™ {#E8(w,b) > (w,s) WEEs € S
BRiL. 2y =—w, MWEHy bh<y Ax,vx =0
BHFO0esS, Hity'™h <0
B—AmE, y'A=0, B LIERx > 0FEHy Ax = —0, 5
y'h < yTAxF&



Strong LP duality*

{Rizprimalfldual LPERFFAE RT1TAR, N BN R ELEEES
UEAR:

max (c, x) min (b, y)
Ax = b yTA > C
x = 0.

REEEAR, W primalffjobjective/NFt, Nldual objectivetd /Nt

“primal objective/NT-t” A5 1] LK /8 HLP

(c,x)—s=t [A 0 (x)_ 2
Ax =b T —1l\s/ " \¢
x>05>0 x=>0s=>20

XA s I TR A #E S HA Y “primal objective K T-551t”
XA s T FEH TCAE 2 HA Y “primal objective/N T+t ”




Strong LP duality*

{1z primalfldual LPERFFTERI1TRE, MBIV &M EEHESE
UEBH(cont’d): i Farkas lemma

A A 0
o A=) |zpsanses,. e (W’zﬂﬂb_Jzo
=0 (y? Z)(t)<0

x=>0,s

yTA+zct =0, —z=0,y"b+ 2zt <0
*%Ez=0, NHByTA=>0,yTh <0, primal notfeasible;

ZEz £ 0, )”'Jﬁi T4 > (T, inb <t, [k JH:_iZ yT Hydual
w¢%7ﬁ%,ﬁﬁﬁ ﬁ@<u
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142 [O]

1RAZ Th N
o HEEH WA
— FAERM: ok, T EERE, FME
— A BIEE: RESHN
— Chebyshev#5{4
— Chebyshev% 3 X,: #AAKE R
— HEFEEHERERE. RRAMNEHKRA LK
— mhZFRk: JUITHEF. BEASES
— EXMiTAE: Gram—Schmidt
- EXRAGFPORDRE: ALK, HREY
— B2 T SAXNGHAMET, EXHSFFTHE X
o JFAEMEE R AL A (RHEARK T )
s ML & PEAX]
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142 [O]

IRIZIH A
- #HEHME
o RAEE HFMGA (RERE T )
RGBT ALY ——— P 457 09 AL RAR B A
-—ﬁ&&ﬁfﬁﬁ%ﬁﬂf%—nﬁﬁmé pivoting
— SEHROE T AREBSSKRENHKE
— GEFREANSAR (i ARGBRNE)
- ﬁg&g?ﬂﬂij?iiéﬂﬁ@ﬁﬁfij?ik: Jacobi, Gauss—-Seidel, Richardson, Conjugate-
gradien

— &M ERTAE: EF2Z

— 44E{E 89min—maxZ] & (Courant—Fischer)

— JEMM S| X KMENKFAE, Cayley—Hamilton, #4EMFEMZA KX, FTEN
- Tff?*?i£fﬁ‘5*?¢1f7§i\ Singular value decomposition (SVD)

-a%%%%ﬁﬂm
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142 [O]

SRRl
« FHE5MALS
o SFIEE HREALIF A (REREKFTFH)

- B LayMaEA: MERBTA (RHER) , RESHF (gl
£) , mixing time (M4kik /%) Lspectral gap

— ORTk&: AEXz®E, A, IT4; Pagerank

— By ES: BEBMERE A, FirmEes AeEE44, AL
e BLH5 A 8 1 5 7

— %%%%W«& PEEHERESTALL, FHEME, w¥E, FHxEM
i3
— hitting time: FEL AT &R M FAL20, cover time

— Spectral embedding: ﬁ)ﬂ%ﬂﬁ?ﬁﬂf T “HBN”
o RS L HAR
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IR AZ 15

o HEGH A

« FEASMMFA (REREKT X)

¢ MG X PEAX]
— B ARG TR X
— BB KRR 5 AL
—LP&YTR &« B HE R 09 RAEB S5 RLPR AL
—Dual ity (5H& k) . L 5FER, Min—max< 3 53H{F P,
AN, iR, BE LT
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What we did not cover (in detail)

Expander codes

— Further reading: Essential coding theory by V. Guruswami, A. Rudra, M. Sudan
Low rank matrix approximation (via SVD)

— Compression

— De-noising

— Matrix completion

— Further reading: Algorithmic Aspects of Machine Learning by Ankur Moitra;
A simpler approach to matrix completion by Ben Recht

Generalizations of Cheeger’s inequality

— Further reading: Eigenvalues and polynomials by Lap Chi Lau
Graph sparsification

— Further reading: Lx=b by Nisheeth Vishnoi

Markov chain Monte Carlo and high dimensional integral

— Further reading: Techniques in Optimization and Sampling by Yin Tat Lee and Santosh
Vempala

— The Markov Chain Monte Carlo Revolution by Persi Diaconis, and the references therein
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