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a|pk: BENLHFR
1. FM¥EATIE] (Hitting time): H,, , == min{t = 1| X; = uand X, = v}

and hy ,, = E[H, ,].

L

2. IREERT[E] (Commute time): Cpp, == hyy + hyyy.

3. 1B[AHET[E] (Cover time): cover,, & X N: MvHARIBENZEEID

B8N TRED—IREERIRAERTE: cover = max cover,



Commute time

il

. XJ‘E%EI’J%MS FMt, Csp = 2mRege(s, t), HAm = |E(G)|.
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Commute time

il

. XJ‘E%EI’J%MS FMt, Csp = 2mRege(s, t), HAm = |E(G)|.
IIEHH BETIR S, lahusij,m 275 A sAYhitting time, T EvVu # s

—1+—Zhvs = dyhys — zhm_

. v~Uu v~Uu
B, X —TR, T
hs,s dS —2m
D—-A Ry s _ dy,
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Commute time

| SHEBRIT s M t, Cor = 2mReg(s, t), Hm =
W_)I

WEBH(cont’d):
ds ds —2m 2m
L -hg) = @ |- %@ )= Y
dt — 2m Cit —2.m

At 2t hes) _ L = b, AR, ELRZS IR A
2m ’

—

Ay — m_h s
AN heo hi —h. hes+h
- — C
R 1) = — d(t) = S,t ss Tt ts _ 'St t,s _ bst
eff(s, 1) = ¢p(s) — @(t) - — o =
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Cover time

G)

Cup < 2m, XTHEERuv € EROL.

EIE. EEEEHITEIRZ 2m(n — 1).




Approximating Cover Time by Resistance Diameter

Theorem. Let R(G) := max Rq¢(u, v) be the resistance diameter. Then,
uv

m-R(G) < cover(G) < 2e3m-R(G) -Inn+n
Proof: Firstly,

C
cover(G) = max{hyy, hyy} = % = mRyy,

which is the lowerbound.

For the upperbound, notice that the maximum commute time from any vertex is at most
2mR(G)

If the random walk is run for 2e3m - R(G), by Markov’s inequality, the probability that a vertex is
not visited is at most 1/e3

If we repeat this Inn times, the probability that a vertex is not visited is at most 1/n3

By a union bound, the probability that there exists a vertex not visited is at most 1/n?

In such cases, we can pay for another pessimistic cover time of n3

Combined, we have cover(G) < 2e3m-R(G) -Inn + nizn3



Graph Connectivity (15515)

Theorem. There is an 0(n3) time algorithm to solve s-t connectivity using only O(logn) space
Using random walk, the space requirement is 0 (logn) and expected running time is O(|V||E]) = 0(n3)

You may wonder, is randomness necessary for checking graph connectivity in log-space?

Definition. A sequence ¢ is (d, n)-universal if for every labeled connected d-regular graphs and every starting
vertex s, the walk defined by o started from s covers every vertices

Theorem. There exists (d, n)-universal sequence of length 0(n3d? lognd) for undirected graphs
HINT: Cover time is at most O(n?d) for d-regular graphs

Reingold’s Theorem For undirected graphs, one can explicitly construct such a universal sequence in log-space

It is an open problem to derandomize log-space connectivity
Though likely not through “directed” universal sequences


https://dl.acm.org/doi/10.1145/1391289.1391291
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* Spectral Embedding/Partitioning

— BRE . fER O ERERRMIEE 5 FREE MR R

— bkAENE: A5 R R )RR [ 51 1, elastic spring networks

— SE—MeH,  F AR R R IR L A ST T B A o
— Cheeger’s inequality and its generalizations

EBIFEERAL (Graph sparsification)

— FEREERE 5 S B ML A R

— RIBERERME, XAt T KA

- BEZMNEIETLMMEIoM)FZID

THEEAERE: AP hr i fE

— JUFE IR ) BB E S A,

— PERRTE: — RSt IEA, SEMEITEE 0(n®); EENFH 2B LT
R 2 I 1 T AR P )

JFTSCI FUTa A A RS AT [ B3 el 38— 2504, Pagerank =28 /b7



< Optimization
ISTEIESRIS S R" > R, /IMLf

1B+

/N 3R f(x) = ||Ax — b|5

BERE: f(©=|ca-b|,

KO (Pseudoinverse):  f(x) = ||x||5, subjectto Ax = b
XIFRFEPEAFAEE: f(x) =x"Ax, subjecttox'x =1
ZiEkl: f(x) = ¢"x, subjecttoAx > b

F o HT (Principal component analysis):

O =X - CCTX||F' subjectto C CT = I yq4

BRAHESIN: sAERR, shE, &R (M2, AR, HAILE:

Mm/ﬁ% i} Ezga%, B/NER, WA, HKRE], max-SAT, JikiTrE b,
K12 (RS ) ...
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RN K] (Linear Programming)

Bl-F: THELs
[Eily] ] P
AHEHE (Donuts) 2 2 7
|1 (Cake) 5 9 12
maRE <200 < 300 < 500

AHAHRE SR NAYAIE=5,

\

==

\

B NAUFIE=25

EDUATIO R IR R, o S AL
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RN K] (Linear Programming)

B s
RN ARCHLT A A 0 RS AT B R AR, AN O R D R R

kA ik B igyile
KEBI1 4% 5% 1%
KE 2 3% 2% 7%
E 0K > 40 > 60 > 80

TE 2 LT SKITETSE T, AT e MU Ik ?



MR AIFEFERZ T
o« MHRIATERALUBIT R ANEREM N ZIRA

n Mg, NaJLAEA € R™", EREITIERHEIN

Yy ok
« HirEUR A LLEE [N Ec € R"FTIR
max (c, x) max (c, x)
Ax <b Ax =0b

x>0
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JURIEXW

Polytope (Z/E{K): LPRYRT{TX1a,, BN L ArE L9 4
Vertex/Corner (171 /5): BI{TX 1,4 n MEFEHEZ =

BIEREN— 1 FH (halfspace)
BirEREENX T — 1A
WEZAR LR “m” WIS (Al REAHE—)

E3L1: LPHY AT IX 3R 2 1 (convex)
B3L2: P EAE DI UET A B

Source: Wikipedia CCO

£ (convex set): Vx,y € S,Vt € [0,1],tx + (1 —t)y €S 17



AN E RN

REHEESMIIDRERREEIT B 2 PN ZR < Sk

A7 EIPLAC:
* max ZeEE CeXe
* Zeed(v) Xe = 1

 x, € {0,1}

B AIHATEE:
* max ZvEV CyXy

° xy+tx, <1

 x, € {0,1}

VveV

Ve € E

Yuv € E

AFENP-hard ) 2 !
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LR S

B AJHSTEE:
* max ),y CpXy
« x,+x,<1 Vuv € E

* x, €{0,1}

ALY (relaxation): x, € {0,1} #¥ADfb A x, € [0,1]. SFRH—DoEE, A
J& BN B BT AR AR — DU

SIMRIIEN NE, PIECETRES INIFERRVIRE -
% F8 e e B BRI ORISR, eI > BUR AT BB 2 IR = 2 2 2
19



LR S

BN 57 E|PUEL:
* max ZeEE CeXe

° Zee(s(v)xe S 1 VU € V

* X, €{0,1} Ve € E

BE, Wt TF RS2 BRI #ERNE SRR, FEA
LAIEBRMAS I 2 IR R BIRE

o3 B AT DL AL D9 B

LPIAI L8 2 AR — M S AL in] ) “ 4 — VA HE L
EHMHIERE: IXLELPpolytope i T A HR 7R B 5 I

20



LPAYTIRR

EFmax(c,x), LWIEP = {Ax < b} X polytope]

TRRRTLAB3FE X

1. B (corner): ANRATFEY # 08 x +y € Pandx —y € P, MFRRxE—TLMH
2. RES: IR Ic FERZBERORcHIE—RIE, WIKRxE— MRER.
3. EFRE MR (A,x) =b;, BAREANLHZEER (tight), H 4, BEifT.
T4 ERx € P, B A= A XTF x EEELIRE BRI FRERE.
INERA= ZiHFARY, i.e. rank (A7) = n, BLAEAFRxB—1EXR.

B b, X3ME EEM .
LPIREEVE: XcIPtal, XFARILZ)

TRARRO N — RN, R T A8 S, (™)
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LPAYTIRR

ZEmax(c,x), ZIWIEP = {Ax < b}IX"“polytopeH
1388 (corner): NREARNFEYy # 0{FEx+yePandx —yeP, NF

3. B SERIZIRERHYFFEREA™

1) = 3): BEIRE-3) = 1)

EiHERREY, ie. rank(4¥) = n

BISFEIE rank(A™) < n,i.e, Ay # 0,4y =0

EEx +ey,x—ey, FEF

A(x+ey) =Ax

A(x —ey) = Ax

e\, HRHLERAERARA IR

NBx+eyeP,x—eyeP

K RxE— MO
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LPAYTIRR

ZEmax(c,x), ZIRIEP = {Ax < b} X MpolytopeH
}jj%ﬂ(corner): MBEAFEY #0FBx+y€ePandx —y € P, NFmRxE—"
122

3.EFEE: ZEWILRERIFREFA™ 2RIk, ie. rank (A7) = n
3) = 1): HFERE-1) = —3)
BRig8y + 0ffif8x +yeP,x—y€P
A(x+y) < b~
A=(x — y) < b*
Hrp A=x = b~

FEIE A=y < 0,4y > 0 A=y =0

23



LPAYTIRR

ZEmax(c,x), LZIHLEP = {Ax < b}iIX"Mpolytope]

TRERAT LA 3 R0 854 1 7E X -

1. Bffi(corner): NEAFEY # 0{FBx+y€ePandx —y € P, NExE— LA
2 RIER: IR 3c FERiZBina AclE—RUE, NFRRE—IMRER.

3. EAREE: NR (4;,x) = b » HNFRBINLREER (tight)AY . Hep 4; 256017
X T4 ERx € P18 A7 A BRT x ZERILTRB AT FAERE.
GNERA™ BiRFREY, ie. rank(47) = n, MABAIFRR—NMESRE.

Simplex&i&: MW—ANTUSIFAE: TR, WREARRBCER, WikHEBRZ0R; HE,
ABJEHIEFE: HZ (m-n)n

USRI AT AR JE A SE 22, U 24 Ri 6 R LA o T AA D, R BRI B 4 R AR
BRINER TE, SimplexBLETT AL 7 Z AT 7). (HRSUE R RIMAAEAHE, smoothed analysis
ZINTEG%; Ellipsoid algorithm, interior point methods
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Perfect bipartite matching

EIE: 58 50 S VLD A 2 P Rk
max ),,cg CoX,  Subjectto

z X, =1 VvevV

eed(v)
0<x,<1 Ve€ekFE

1ZLPRIBR LG —E R 2

B XALPAE— A A — 8 2 R Y

25



W BEERGRMRLK . ottt FHE

A 57 E|ILHEC:

max ZeeE CeXe

Zeeé‘(v) Xe < 1 VU € V

x, € {0,1} Ve € E
B,

max Y.,y CpXy

Xy, +x, <1 Yuv € E

x, € {0,1}

FAGtAL, (relaxation): x, € {0,1} #4498 x, € [0,1], 2RJ5FFHHE — AN E

F 4 (extended formulation)
26



B/ NERRH—FLPE;

* MaXx ), cg CoXe

* Dece(s)Xe = |IS[—-1, VScV
* ey Xe = V] —1

c0<x,<1

BIAZIEZA/NEILP, {HZEllipsoid algorithm R 75

separation oracle, 18825 T =0T (8] i H

Ellipsoid algorithm, separation oracle (3351

K

]
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