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Figure 1.8 One step of Newton’s Method. Starting with x, the tangent line
to the curve y=f(x) is drawn. The intersection point with the x-axis is x;, the next
approximation to the root.
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Lagrange Interpolation
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Lagrange Interpolation

PEUER :

fiﬁ/zﬁ BB P)FMQ)MN 2=, Z£Z2n — 1k H#fuEid
€ FIn™ B

. %@H(x) = P(x) — Q(x), HMIXEmw% Nn — 1IX

* H(x;) =H(xy;) =H(x3) =--=H(x,) =0

« HEnPMER

s RHEREEN, n— 1RZHMAAH A — 110E 5, BRIEH

REZ I

« HUMEFTE
« P()TEFHFT Q)

o FrRAXFER)Z T —A

16



Lagrange Interpolation
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Lagrange Interpolation Error Analysis
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Figure 3.5 Interpolation of triangular bump function. The interpolating
polynomial wiggles much more than the input data points.
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General errors: packet corruption

TCP/IP: resend packets, change data rate etc.
But this can be wasteful!
Can we reconstruct packets? ’7 T s e e 8


https://freepngimg.com/png/17922-satellite-png-hd
https://creativecommons.org/licenses/by-nc/3.0/
https://socialcompare.com/en/comparison/handheld-golf-gps-units-29bj8yeo
https://creativecommons.org/licenses/by-sa/3.0/

Another example: RAID storage levels

* Imagine you have 4 disks, each of 4TB
* To tolerate 1 disk failure, a common practice is to use RAID 5
* You have 3 disks of available storage, and 1 disk for parity

000

 SayyouloseB,youcanrebuildB=D@HADC

 However, at current unrecoverable read error (URE) rate of 1e-14, the success
rate of rebuilding is less than 40%

— RAID 6: One common implementation is via Reed-Solomon codes
* Cloud storage providers are already using more general ECCs



Erasure codes

Imagine you want to send n packets through a lossy channel
Lossy channel: can lose up to k packets

Question: can you send n + k packets and recover the message?
Hint: what do we know about polynomials?

Answer: Yes!
Any n points uniquely determine a degree < n — 1 polynomial.

Say we are given messages ag, a4, .., An—1

Consider p(x) = a,_1x™" 1 + -+ a;x + ay (mod q)
Send p(1),p(2), ...,p(n + k)
Any n packets allow us to recover all. This is optimall




Imagine we want to send 2 packets
Channel: corrupt at most 1 packet, but can be any one


https://freepngimg.com/png/17922-satellite-png-hd
https://creativecommons.org/licenses/by-nc/3.0/
https://socialcompare.com/en/comparison/handheld-golf-gps-units-29bj8yeo
https://creativecommons.org/licenses/by-sa/3.0/

Reed-Solomon codes

Imagine we want to send 2 packets
Channel: corrupts at most 1 packet, but can be any one

2 points -> a line?
What if we send other points on the line as well?

Say we send 4 points in total.
How do we determine which one is corrupted?

At most 1 error -> there is a line passing through 3 points

If we found such a line, it must be the correct line:

At most 1 error, so 2 out of the 3 points must be correct

e 2 points determine a unique line, which must be the correct line



Reed-Solomon codes

Imagine we want to send n packets
Channel: corrupts at most k packet, but can be any one

Reed-Solomon codes
Say we are given messages dg, A1, .., Ap—1

Consider p(x) = a,_x" 1+ -+ a;x + a, (mod q)
Send p(1),p(2),...,p(n + 2k)

At most k errors -> 3 a poly. of deg n — 1 passing through n + k points
If we found such a poly., it must be the correct poly.:

* At most k error, so n out of the n 4+ k points must be correct

* There is a unique poly. of deg n — 1 going through n points

e So, if our poly. goes through them, it’s the correct one



Reed-Solomon codes

Many applications:

*  Voyager | for colored photos
*  HDFS-RAID in Facebook

* GFSllin Google

*  Covid-19 Pool testing

Q: Why mod q?
*  Numerical instability or genuine error

Q: Choice of g? Need g > n + 2k.
* Not ideal, but OK in practice.
* Often times, errors are bursty. If a bit is corrupted, all nearby symbols are often unreliable

Efficient decoding:

. ("":12") interpolations to try? Brute-force would take exponential time in general.
* Berlekamp-Welch: one polynomial interpolation suffices — error locating polynomial


https://www.science.org/doi/10.1126/sciadv.abc5961

15E: Berlekamp-Welch&j%E

Sent: p(1),p(2), ...,p(n),p(n + 1), ..., p(n + 2k)
Received: 11,75, vo., T, Tna 1) o Tna2k

Berlekamp Welch Theorem
There is a polynomial Q(x) of deg. n + k — 1, E(x) of deg. k, such that
Q(x)

p(x) = ot and Vi, Q(i) = r;E(i). In other words,
Vi, p(i)E(i) = r;E (i)
To understand this, let Q(x) = b1 x™*"1 + ... + by, and
E(x) = x* + e;_xk 1+ -+ ep.
Total number of unknowns = n + 2k.
For each received value r;, there is a linear equation Q(i) = r;E (i).
Total number of linear equations = n + 2k.




1RAMFENEE: Error locating polynomial

Sent: p(1),p(2), ..., p(n),p(n + 1), ..., p(n + 2k)
Received: 1,75, «oo, Ty Tna1s - Tna2k

Say the location of errors are fi, ..., fi Ideally p(i) = r;

Consider the error locating polynomial E(x) = (x — f1) ... (x — f)

Instead we ask that p(i)E (i) = r;E (i)

Case 1: location i is an error, 0=0
Case 2: location i is correct, p(i) = r;

Let Q(x) = p(x)E(x). Then, the system of linear equations have a solution! (Consistency)
Uniqueness of p(x): Say Q(x), E(x) is one solution, and Q'(x), E' (x) is another solution.
Notice that Q(x)E’'(x) = Q'(x)E (x), because they agree on n+2k points, and they are of degree at most n+2k.

0™ _Qd®. .
So, p(x) = B = B S Unique.

Note that Q(x), E(x) may not be unique themselves. Consider the case where there are no errors.



ECCs and distance properties

Hamming distance d(s,t) := Y,; 1(s; # t;)

Minimum distance of a code:= min d(c(m),c(m'))
m#+m

To handle k erasure errors, need minimum distance k + 1
To handle k general errors, need minimum distance > 2k

Theorem: The Reed-Solomon code mapping n messages to a
codeword of n + 2k messages has minimum distance 2k + 1



Distance properties

Claim 1: The Reed-Solomon code mapping n messages to a codeword of n +
2k messages has minimum distance at most 2k + 1

It suffices to show that, 3m # m', d(c(m),c(m’)) <2k +1
Say we choose codeword ¢y, ¢4, ..., C,—>, C,—1, We interpolate to get p; (x)
Choose another codeword ¢y, ¢4, ..., Cy—2, €51, We interpolate to get p,(x)

p1(x) agrees with p,(x) on at least n — 1 points
p1(x) and p, (x) encode messages m # m' in their coefficients

Reed-Solomon code will send c(m), c(m') that agrees on at least n — 1 points
Therefore, d(c(m),c(m’)) <2k + 1

Side note: this is essentially the Singleton/Projection bound.



Distance properties

Claim 2: The Reed-Solomon code mapping n messages to
a codeword of n + 2k messages has minimum distance at
least 2k + 1

This essentially follows from decoding. If the minimum
distance is smaller, then decoding will fail.

See the following slides on Hamming bound.
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2 Hamming bound
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n -+
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Hamming bound
EIEEMBIEC: F - F. BBk FRBcorruption, APA TR Em = n + 2k

RUE%: fdm<n+2k—-1

-« EEFBRcodewordfIER: {C(x): x € F}*}

« EEXEcodeworddIGMH 2k . (FLEZBATHIN — 1430

« FITF codewordfIKERZ fan — 1

« HgPigeon-hole prlnC|pIe, — EAFLE P NcodewordEHIn — I A FEFT, idNx, x'

o RXEWE, fifEx,x' € FL, x #x', EHCO)F C(EERE TR 2k MEHEZF
. Fﬁt CIRYY NS (x)1|&EQEE— KTFERF, HMCONMEREZZBENFRF, B2 —FE1
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Polynomial interpolation and Boosting (iE i)

If you can compute a polynomial on sufficiently many points, with decent amount of
confidence

And the polynomial has a known degree bound

* Then, you can compute the polynomial correctly, everywhere, by interpolation!

e Say you want to compute some function that can be “approximated”, or
“represented” by a polynomial

* And someone promise to help by correctly computing an answer most of the time
* Then you can just encode the function using polynomials (or ECCs to be precise)

e Ask for enough answers

* And decode the function that you really wanted to compute

RAIMR)EE: random self-reducibility of the PERMANENT



https://en.wikipedia.org/wiki/Random_self-reducibility
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—EREERIGRYMEIE GE )
HALE (Expectation)
E|[X] = Zx - Pr[X = x]

#=(Variance)
P (Variance Var[X] = E[(X — E[X])?]

ChebyshevAZEET,
Var|X]

Pr{lX — Elx]| = k] < —
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Bernstein Polynomial (&)

1ERE: LR [0,1] - R
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K Alx N —- 015341 (Binomial distribution), HAZEE[K] = nx
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Bernstein Polynomial (i&F)

IZK BXFERN— 1 EYIEE, & X s Bernoulliis
IR IR AL, BRI IR S x, K ARM 55 Af

(Binomial distribution)

« HHEEE[K] = nx
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e Pr[K =i] = (?)Xl(l _ x)n—i
BernsteinZINTAI—HE: b, ;(x) = (7)x'(1 — )"

lim Pr[|= — x| > 8| = 0 Xt i x— Bt

n—>0o

e VE: A MChebyshevAZEZEH
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Bernstein Polynomial (&)
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T lim E[|f G = £(0)|| = 0 dhx—Eopkor

n—>00
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Bernstein Polynomial (&)

2E[K] = nx
772§Var[1( = nx(1 — x)

 PrlK =i] = (")xl(l x)""t, BernsteinZINTA—EHE
lim Pr [|= — x| > 8| = 0 Xt Hifrx— B R

n—0o

T HIXIA[0,1], f ARSI RIRAS £t — S
A M lim Pr ‘f(—) f0)| > 8| = Oxfx— T

n—>00o

HETT lim E || — f(x)‘ = 0 Sitx—FHh &

n—>0o

()3 Qs =0=3 (e
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Bernstein Polynomial (&)

e Pr[K = l] = (")x'(1 —x)""", BernsteinZINTVHI—HE
lim Pr|= — x‘ > 5] = 0 Xt AT x— S0 R T R
lim Pr| f(—) f(x)‘ > 6| = 0xfx— B R

n—0o

T 1 11m E ” fC) - f(x)” = 0 xS

@)= Qs =0-3 s (oo

. Bernstelnylﬁf — &I f
HAR 1% 2 78 7] LU R Chebyshev A 55 245 2| 51




Bernstein Polynomial (i&F)

RENRESH
-zl s (9] < el oo ()]

— A T =A% ]a+ bl < |a] + |D]
+ RE DT

e[l G
<2 Pr[|§— x| > e] 1 oot Pr[|§— X| < 6] e If () = FO)

[B42: E[X] =Y, x - Pr[X = x]

X Pr |7 — x| > e|fERAChebyshev RS2, BIFT1SE:
s Vx €[0,1], Ve > 0,

e —E[r ()| <Ll + sup 1~ o)

T 2ne* x—y|se
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Beyond Polynomial (i%& i)
Weierstrass TEIE: X IEEERREL S, ZInT\ Al LMEEEIR

NRAZESIE?

HET (Stone-Weierstrass EIR)  EEEERHBEE— 1 F
{KX#(subalgebra) A, Af EEf@J\_L@Qﬂ; 4 HAN HARE 7
Hr: Vx 2y, dp €A s.t.,p(x) #p(y)

AUCE—HZHY, UHZe X 45455, iﬂiﬁiﬂjTU i'Stone-
Weierstrass TEIRUFBBE A EITEIR.
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