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o|l: Random walk on graphs

LEEG = (V,E)

& _E RIRED LI AE -

« M—TEERINR LA
« BETER, B -TENIRA, BB ST RELIR B Q8 fE
« THTEE

XA TR IR 2 EARERIE?

ik wnNRE

BEPZ G, HETA 2N Ru IR 2 202
A — MR IBENL AT, BENLEESWSREIE? (&)
Z AN WS (JREFTE], mixing time)

MEsH KR, ZAASFIE RL? (hitting time)

ZAS W IBANTMERD—IR? (EHEE, cover time)



Why hitting time and cover time?

Hitting time: used a lot in designing randomized algorithm
* Finding bipartite matching

— Use random walk to find an augmenting cycle

— Interested in the first return time, in expectation

* 2SAT, and more generally in algorithmic Lovasz local lemma
— Basically a random walk over all assignments
— Interested in the first time of hitting a satisfying assignment, in expectation
— In discrepancy theory, one way to find a “balanced coloring” is to use random walk

Cover time: imagine you want to explore the graph
Using DFS/BFS, you need time O(|E| + |V]) and space O(|V])
What if we use random walk instead?
Space = 0(logn), expected running time = cover time < O(|V||E|)

In fact, U. Feige showed that there is an entire spectrum of time-space trade-off:

~

: : : . VIIE .
For every s there is an algorithm using space s and time O (%) that covers all vertices w.h.p.


https://epubs.siam.org/doi/10.1137/130929400
https://core.ac.uk/download/pdf/82332441.pdf
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Not every graph is series-parallel



https://www.graphclasses.org/classes/gc_275.html
https://www.graphclasses.org/classes/gc_275.html
https://www.graphclasses.org/classes/gc_275.html

B8 s W 25 A9 B B R 7

) &3
Q)
G U

ARy, (BEHSREW, =1/r,) , WRMNTESENIAR BT, FFEMT AR, K/ 5

4% ] £ DAY 1S PR P 9 AT R 2

FBE—fh, 1db, N CANHEESNE) FRABNTI Rv € VI [ i
b, > 0ERE (AARER) JENHIR
b, < OFIREE (JAl4RER) Jat i i HLR

o Bx 7R A (source) A7 H T A (sink), HE N A Db, =0

" \ e X F G
0iE— T Al E B AN : Nl :
T e e PIER ST L B B SR =S R SR M LR
Z lyy = by, VveV
U:VUEE
W
dw) —d(W) =ipwhy ©  lw = Wuv((l)(u) - ¢(v))
WA I AT

bo= D tw= ) (60— 40) = degu ) $(W) = ) Wi

W.VUEE WWUEE W:VUEE

B deg,, (V) = Xypucs Wy 19 53 v BINAN FIEEEL . 55t Ry, = 1, F5b = Lo

—fEmE, X2/ BlLaplacian



3 N 25 A9 B B R

1) o WORATASIEAIARI, LA

HEHBE ¢ 25, Hfiw = W (oW — ¢(v)) oTEHE BRI E 18 H
% [Eincidence matrix B, L= WBT¢ , AW i S 2R pk % ke
] b, PR RN LS L = Y, webebs = BWBT
b=Lp=BWB"¢ =BI, H/REFRER, flow conservation

R BLOASBENSERSR, BT FEH 6

RETREAT AR A T AR —HIng ?
10



Pseudo-inverse of L
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Pseudo-inverse of L
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Effective resistance (5% #1.[H)
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Thompson’s Principle
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Thompson’s Principle (5 —MiIERH)
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Edge-disjoint paths
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1. fifi3E A8 (Hitting time): H,, , == min{t > 1| X; = uand X, = v}
BNIRENZEAZMIENIE hy, = E[Hy,]-

N

iR AT IE] (Commute time): Cp,,, == hyp, + hyy.

3. M8l (Cover time): cover, & X /: MvH ARBEN I ER

O8N TTRED—REZRVEHERTE; coverg := max cover,
\%
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Commute time

B WEENTRs ft, C = 2mReg(s,t), HEobvm = |E(G)|.
UEHB: BlET= ¢, fl:‘h 77M,m ZI75 = tBThitting time, T EVu # t

ut—1+ zhvtzdhut zhvt_

v~u v~Uu

R, X8, EHE

(To be cont’d..)
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Commute time

B WEENTRs ft, C = 2mReg(s,t), HEobvm = |E(G)|.
UEAR: BET = s, idh, 77M,m ZI75 = sBhitting time, i EvVu # s

—1+—Zhv5 > dyhy s — zhvsz

v~u v~Uu

*%Eh, JX—A8, THL

hs,s ds —2m
D-A hys | _ dy,
Ry, s de

(To be cont’d..)
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Commute time

FE(—E%NW&%E@:%“&‘S M t, Cspe=2mRege(s,t), HPm=

1EBR(cont’d):
ds ds —2m 2m
L(h*,t — h*,S) — d:u — d:u — O
di — 2m cit —2m

R thes) L = by AR EARZE IR
2m

—

H)_h*
b =te A
2m

hoe —hes  hoe—hes  hes+hes  C
Reff(sl t) — ¢(S) — ¢(t) = St 5, _ Lt t,s — S,t t,s — st

2m 2m 2m 2m




Cover time

8. Cyp < 2m, WFEEMuv € ERAT.

BN EI&ZA2mn — 1).
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Approximating Cover Time by Resistance Diameter

Theorem. Let R(G) = max R.¢(u, v) be the resistance diameter. Then,
u,v

m-R(G) < cover(G) < 2e3m-R(G) -Inn+n
Proof: Firstly,

C.
COVGI‘(G) = max{huv; hvu} > % = mRuv )

which is the lowerbound.

For the upperbound, notice that the maximum commute time from any vertex is at most
2mR(G)

If the random walk is run for 2e3m - R(G), by Markov’s inequality, the probability that a vertex is
not visited is at most 1/e3

If we repeat this Inn times, the probability that a vertex is not visited is at most 1/n3

By a union bound, the probability that there exists a vertex not visited is at most 1/n?

In such cases, we can pay for another pessimistic cover time of n3

Combined, we have cover(G) < 2e3m - R(G) -Inn + %n3



Graph Connectivity (ZE13)

Theorem. There is an 0(n3) time algorithm to solve s-t connectivity using only O(log n) space
Using random walk, the space requirement is O (log n) and expected running time is O(|V||E|) = 0(n?)

You may wonder, is randomness necessary for checking graph connectivity in log-space?

Definition. A sequence o is (d, n)-universal if for every labeled connected d-regular graphs and every starting
vertex s, the walk defined by o started from s covers every vertices

Theorem. There exists (d, n)-universal sequence of length 0(n3d? log nd) for undirected graphs
HINT: Cover time is at most O(n?d) for d-regular graphs

Reingold’s Theorem For undirected graphs, one can explicitly construct such a universal sequence in log-space

It is an open problem to derandomize log-space connectivity
Though likely not through “directed” universal sequences


https://dl.acm.org/doi/10.1145/1391289.1391291
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* Spectral Embedding/Partitioning
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— Cheeger’s inequality and its generalizations
- E#IRIE (Graph sparsification)
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